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Let X be a finite set with m elements. A function F : P»(X) — P(X) (from
the collection of all 2-clement subsets of X into the collection of all subsets of
X) is called a natural correspondence if S C F(S), for all § € P(X). We say
that F satisfies exclusion if there exists some 3-element subset {x, y, z} such that
x ¢ F({y,z}),y ¢ F({x,z}) and z & F({x,y}).

Observation 1 F does not satisfy exclusion if and only if, for every T € P3(X),
there exists some S € P>(X) such that S C T C F(S).

Let F : P2(X) — P(X) be a natural correspondence; we define the average
image size ar by:
1
ar = o~ Z [F(S)|
(2) SePy(X)

Theorem 1 Let F : P2(X) — P(X) be a natural correspondence that does not

satisfy exclusion. Then ap > mTH.

Proof Since F does not satisfy exclusion, we may assign to each 7 € P3(X) a
subset S € P>(X) such that S € T C F(S). Now consider a subset S € P>(X)
and let Ty, ..., Ty be the 3-element subsets to which S has been assigned. Then
|F(S)| > k + 2. Summing this inequality over all 2-element subsets gives:

> o= (h)+2(3)

SePr(X)

Dividing through by () and simplifying gives the result. O
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Corollary 1 If F : P»(X) — P(X) is a natural correspondence with ar < ”’TH,

then F satisfies exclusion.

This result is best possible in that, for any m, one may construct a natural
correspondence F : P2(X) — P(X) that does not satisfy exclusion for which
arp = mTH. First, to each T € P3(X), assign a subset S € P2(X) such that S € 7.
Now, for each subset S € P> (X), let Ty,..., T; be the collection of 3-element
subsets to which § has been assigned and define F(S) = T U---U T, US. We
close with a simple example.

Example 1 Let X = {1,2,3,4,5,6,7,8}. We will denote our subsets by their
characteristic functions: 11010000 denotes {1,2,4}; in fact since our example
will be symmetric under cyclic permutations, 11010000 will denote the sets
{1,2,4},{2,3,5},...,{8,1,3}.

Up to a cyclic permutation, there are only 4 types of 2-element subsets: «,
11000000; B, 10100000; y, 10010000; §, 10001000 and 7 types of 3-element sub-
sets: a, 11100000; b, 11010000; ¢, 11001000; d, 11000100; e, 11000010; £, 10101000;
g, 10100100. To each 3-subset of type a or b assign the 2-subset of type B that
it contains; to each 3-subset of type ¢ or g assign the 2-subset of type y that it
contains; to each 3-subset of type d or e assign the 2-subset of type « that it
contains; finally to each 3-subset of type f assign the 2-subset of type § that it
contains. Then

F(11000000) = 11000110,  F(10100000) = 11100001,
F(10010000) = 10010011,  F(10001000) = 10101010,

and ap =4 = 83i‘.
Reference

CK Campbell DE, Kelly JS (2004) Social welfare functions that satisfy Pareto, anonymity and
neutrality, but not ITA

@ Springer




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


